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THE ANNUAL GENERAL MEETING. 


Tue Annual General Meeting of the Mathematical Association was held 
at King’s College, London, on Saturday, January 19th, at two o’clock, 
The retiring President, Sir Robert S. Ball, LL.D., F.R.S., occupied the 
chair. Twenty members were present. 

Mr. J. Fletcher Moulton, K.C., M.P., F.R.S., was elected President. 
Sir Robert S. Ball and Professor W. H. H. Hudson were elected Vice- 
Presidents; and Mr. C. E. Williams, M.A., was elected a Member of 
the Council. 

The election of twenty-one new members of the Association was 
confirmed. 

It was decided that members might compound for three years’ sub- 
scriptions by the payment of £1 1s. in advance; the composition fee 
for life membership still remaining at £5 5s. 

After the Treasurer had given his report, Sir Robert Ball made a 
communication entitled “ Some Contributions to Geometry from recent 
Dynamical Work,” in which a number of theorems of great interest and 
generality were explained. Professor M. J. M. Hill, F.R.S., then read a 
paper on “The Teaching of Proportion in Geometry.” Messrs. C. E. 
M‘Vicker, E. Budden, F. S. Macaulay, W. H. H. Hudson, and P. J. 
Harding took part in the discussion which followed; and Professor Hill 
replied to the questions which had been raised. The meeting closed at 
five o'clock. 


ON A GEOMETRICO-STATICAL THEOREM. 


1. Let A,, A,, Az, A, be four points ranged in this order 
along the circumference of a horizontal circular lamina: and at 
l,, A,, Ag, A,, let vertical forces 


+1/A,A;.4,4,.4,4,, —1/A,A,.4,4,.4,A, 
+1/A,A,.4;4,. 454,, —1/A,4,.4,4,.4,Az, 


be respectively applied (the forces at A,, A, acting downwards 
B 
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and those at A,, A, acting upwards),—then this system of parallel 
forces will be in equilibrium. 

For taking moments about 4,A, 

/ / \ 
{1/A,A,.A,A,.4A,4,}.A,4,. AA, 
—{1/A,A,.A,A,.A,A,}.A,A,.A,A,=9, 
since A,d,.A,4, is proportional to the perpendicular from A, 
on A,A,. 

In like manner, the moment round A,A, or A,A, vanishes; 
and, the moment vanishing round three non-intersecting lines, the 
forces are in equilibrium. 

2. Now instead of four points we will suppose A,, A,,... An 
are any ” points ranged in this order round the circumference 
(n is EVEN and >2), at which forces P,, P,,... P, respectively act, 
where P,=1/A,4,.4,A4, ... A,As 
and similarly for the rest, those forces at the odd points acting 
vertically downwards and those at the even points upwards. 
Assuming it is true that these forces are in equilibrium 


(P,+P3t+ ... tPar=Pyt+Py+ ... +Pr, ete.) 
we can then prove that the same property holds true for n+2 
points. 

3. For taking two additional points A,»4+), A,+2 between A, 
and A,, suppose a new system of forces Q,, Q.,--- Qn+2 applied 
respectively such that the force 

Q, => 1/A,A, e A,A, eee A,A ne A,A n+l. A, An+2, 


and similarly for the rest. Then taking moments round the 
chord A,+:A,+2 the moment of Q, is proportional to P, 


(since A,A,4;.A A,y+y2% perpendicular from A, on the chord) 


and the total moment « P+ P3+ ... +Py-1—Po—P,... —Pr, 
which vanishes by assumption. 

In like manner the moment vanishes round any other two 
sides of the polygon and the forces are in equilibrium. 

The theorem, therefore, being true for the quadrilateral, is also 
true for any even number of points. 

4. It now remains to introduce the point O in space whose 
coordinates are , y, z referred to any rectangular axes through 
the centre of the circle (radius a); 


=P,.0A2==P,{(x—a cos 0, +(y—asin 0, +27} 
=(¢+y?+2+a)2P, —2axzP, cos 0,—2ay=P, sin 6, 
=0 


since YP,= =P, cos 0, = =P, sin °,=0 as the forces are in equi- 
librium. Thus 2+04A,?/A,A,....4,4,=0, the terms being 
alternately plus and minus. 
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5. It will thus be seen that the theorem proposed as Question 
390 in the Mathematical Gazette, No. 24, December, 1900 (and 
proved by co-reciprocal screws at the meeting of the Association 
on January 1th), is true not only for the hexagon but for any 
eyclic polygon of an even number of sides. 

6. It has been kindly brought to my notice by Mr. R. F. Davis 
that Salmon in his Conics (end of Chap. VI. on the circle) gives 


OA?. ABCD+0C?. AABD=OB?. AACD+0D*?. AABC, 
which may be written 2+ 0A?/AB. AC. AD=0. 
7. A concise statement of the general theorem is 
>(-1)*.A,.. OA,2=0, 
where X, is the reciprocal of the continued product of the chords 
through A R. 8. BALL. 


x 


REVIEW. 


L’Elimination. Par H. Laurent. Pp. 75. Scientia, Mars, 1900. Carré et 
Naud. Paris. 

In his preface the author states that no monograph has been published on the 
theory of elimination since one by Faa de Bruno in 1859. The subject is un- 
doubtedly treated without sufficient care in the ordinary English text-books on 
Algebra; and, according to Laurent, there is no continental work which contains a 
complete account of all the recent developments. 

The book starts with a number of familiar properties of symmetric functions ; 
these are at once applied to obtain various methods for finding the resultant 
(defined in § 4)! of two equations (¢=-0, y=) in a single variable. Specially 
interesting is Cauchy’s method ($8); but, unfortunately, this contains some 
misleading printer’s errors, notably in the proof that the resultant is of the form 
(Ay -u¢). Speaking of this, it is worth while to point out that the printer has 
frequently confused suffixes and indices throughout the hook; and, in some 
places, when a product should occur at the end of a line, the two elements have 
been separated, one being placed at the end of the line while the other is put at 
the beginning of the next line. 

A little more use might be made of geometrical illustrations; for example, 
Bezout’s theorem (§§ 12, 16, 17) may be stated thus: Two co-planar curves of 
degrees m, x meet in mn points; and, of course, a similar theorem holds for three 
surfaces in space. Another illustration may be found in § 13; a double solution 
corresponds to a-point of contact of the curves ¢=0, y=0; and the exceptional 
case is represented by a curve which passes through a double point of the other 
curve, 

In Chapter II. the author deals with the general problem of eliminating n 
variables from (n+ 1) equations ; and starts with an account of systems of moduli 
(Kronecker’s Modulsystem ; see, for instance, Crelle’s Journal, Bd. 99, p. 329). 
He then obtains a theorem? due to Jacobi (§ 19), and, after some intermediate 
steps, gives the method for determining the resultant in § 23, with some properties 
of the resultant in $24. Lebatie’s method for two equations (by means of the 
H.C.F. process) is indicated in § 25, where use might be made of the theory of 
continued fractions. 


1 Here (- 1)" should be (-1)”". 
2 This is an extension of the familiar theorem 
39) _ 
“I'(@) 
where /(x) is a polynomial of degree m, a is a root of f(x)=0 (all the roots being different) and 
g(x) is a polynomial of degree less than (m — 1). 


9 
>s 


0, 
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Two examples of some importance are given in §§ 29, 30, and we shall make a 
few criticisms on them. The first (§ 29) is an extension of a well-known problem 
in Solid Geometry : It is known that the directions of the principal axes of the 
quadric (abefgh {xyz)?=1 are given by 


Hal+ hm-+gn)=— (hl +bm +fn)=*(gl-+jm+en), 


and the corresponding principal planes by /x+my+nz=0; it is required to 
eliminate 7, m, n so as to have an explicit equation for the principal planes. The 
resul of this elimination is generally given in the form 


| x, axthyt+gz, Ax+Hy+Gz |=0. 
y, het+byt+fz, Hut By+Fz 
a gxtfytez, Gu+Fy+C 


Laurent obtains a result (for any number of variables) from which the above is 
deducible. There is, however, a slip in Laurent’s work, which, fortunately, does 
not invalidate the method ; but, as this slip is one which may be quite commonly 
made, it seems advisable to call attention to it. We have the 2n equations 
Sr=ZOy Xs) Jr=Ubrsts (7, 8=1, 2, ..., n) from which by solution f,= Zerg, Then 
Laurent seems! to conclude that, if a,-=a@,, and b,-=b,s, it follows that ¢s-=Cys ; 
this is not, however, true except under special circumstances. This fact will be 
recognized at once by readers acquainted with Cayley’s theory of matrices? (or 
the theory of bilinear forms) ; but to give an elementary illustration take the case 
of two variables with b,,=0=ba, bjg=1=by, then we have g,=x, and g.=2, thus 
we find f,=@09) +441 9o5 Jo= 2291 + A4o9_; and here the conditions are satistied by 
the a’s and b’s, but not by the c’s, unless a); = ayo. 

In § 30 Laurent discusses the important determinantal equation 

A= | frst AGrs |=, (Srs=Sery Jrs=Gsr) 

which occurs in the theory of the two quadratic forms f=Z/,.0,%s, 9=ZGrs®pXy. 
At the top of p. 61 we find a theorem included in Kummer’s® that the dis- 
criminant of A can be expressed as a sum of squares, provided that one of the 
forms f, g is definite (i.e., is always of one sign for all real values of the z’s). At the 
foot of the same page it is stated that the general case may be reduced to that in 
which 4 g=2,?+2,?+ ... +Zn®, but this is misleading, for it might be supposed that 
the results of p. 62 hold without any restriction on /, g; whereas they are only 
certainly true if one of the forms /, g is definite. The theorem alluded to is that 
if (\-—a)e is a factor of A, then (A—a)«-1 is a factor of all the first minors of A; 
or, in Weierstrass’s terminology, all the invariant-factors of A are linear. An 
illustration will show how the theorem may fail. Take the quadratic forms 


S= -ag + 2yz, g=2xy+2, 

then A=| 0, rA-a, 0 = —(A-a)’, 

A-a, 0, 1 

0, i, A-a 
but one first minor of A is —1; which shows that the theorem cannot hold for all 
pairs of quadratic forms. Laurent’s proof of the theorem assumes (tacitly) that 
the roots of A=0 are all real; for, otherwise, the argument would fail.° This 
assumption is certainly correct provided that one of the forms /, g is definite, but 


it should, I think, have been explicitly stated. It may be worth while to point 
out, further, that this theorem is closely connected with Weierstrass’s important 





1 The exact statement is c;;=c;; presumably a printer's error. 

2 Coll, Math. Papers, vol. ii., p. 475; Laurent himself published a paper in Liouville’s Journal 
(1898) where similar results are obtained. 

3 Crelle’s Journal, Bd. 26, 1843, p. 268 ; Salmon’s Modern Higher Algebra, Lesson vi., p. 55, 4th Ed. 

4This reduction is always possible if the use of imaginary substitutions is admissible ; but 
there is then no guarantee that g=0=.2;2+222+ ... +xn2 really necessitates 2x, 
Thus, in the case quoted below, g=0 can be satisfied by «=0, z=0 for any value of y. 

5The proof shows that a sum of squares vanishes ; and it is deduced that each vanishes separ- 
ately. is is, of course, only true if all the quantities involved are real. 
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result! that two quadratic forms f, g can always be reduced to sums of the same 
squares, whether A=0 has repeated roots or not, provided that one of the forms f, g 
is definite. 

The book closes with a number of miscellaneous theorems and methods; the 
appendix contains a proof of the proposition that the solutions of a system of 
equations are continuous functions of the parameters which appear in the 
equations. 

I have read this monograph with much interest and pleasure ; but it would 
have added to my interest if more references had been given to the original 
authorities. A bibliography would also enable readers to follow up points 
indicated by original workers, which must necessarily be a ge in a connected 
account of the whole theory. T. J. ’a BrRomwicu, 


MATHEMATICAL NOTE. 


94. [K. 10. e.] The equation to the circumeirele of the triangle contained by 
three given straight lines. 
(1) Any circum-conic to the lines wu, = Ya,c=0 is of the form 


2 : DAMME AO sic saascccctecctessashosiescenatese (1) 
If this is a circle, 


LA(a_b,+a3b,)=0; TA(ayaz—byb,)=0. ...........(2) and (3) 
Eliminating A, », v from (1), (2), and (3), we have for the equation to the 
circumcircle 
Ugliz, Ugly, UU. |=O0. 
LL. ne 
| Agaz — babs, 


(2) To see what the actual form is, take u, =. cos a,+ysin a, — p, =0, ete. 
The equation to the circle is 


A(x COs ag +y SiN dy — P2)(w COs ag +Y Sin a3 —p3)=0. 
where YA cos(ay+ az) = ZA sin(ay,+a3)=0, 
and as above, A/sin (ag — a3) =ete. 
As only the ratios of A, yw, v are involved, we may take sin(a,—a,), etc., as 


their actual values. 
Then, the coefficient 


of x? is > sin(ag—4a3)cos a,cos a,= — I] sin(ag— az), 
of x is —Zp,( cos ag+ v cos ay) = Tp, cos(ay+ az — a,)8in (ay — ag), 
of = Lp, sin (ay + ag — a,)sin (ay — ag). 


The absolute term = Lp, p,8in(ag— ag). 


cosa, sina 1 1 ae 
But xe a en ae (say), 
and the above becomes : 
coeff. of x? =II(ayb, — a3bq)/(kykoks), 
piaceepas #= De, (agby — agby)(A,AgMg — A, bybg + Agbgb, + a3b,b,)/(kyhoks), 
seeee esse Y= Ley (Aghg — Agby)(b babs — by agg + byaga, + bya,42)/(Aykgk), 
absolute term = — 2c,¢3(agb3 — agb2)/(koks), 





1 The full importance of this theorem will probably be seen after noticing that two forms such 
as 2yz, 2y+22 cannot be reduced to sums of the same squares. 
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and, finally, the equation to the circle is 
(x? +?) TI (ayb3 — aby) + Ze, (ab; — agb2)(ayay43 — ay byb; + Agbsb, + agb,b,) 
+y 2c, (agb3— a3b,)(Dibyby — byagtg + byaga, + bya,42) 
— Leyes, (a,? + b,?)(agbz — agb.) =0. 


(3) Applying this to the case of the triangle, sides 2 —m,y+am,?=0, ete. 


circumscribing the parabola y?=4a2, we have a,=1, b,= —m, e,=am,?”. 
coeff. of x2=II(m,—ms); coeff. of x is —aII(m,—ms )(1 + mms) ; 
coeff. of y= — all (mz — ms )(2m, —m,mgms) ; 


absolute term is a?II(m,.—m 3)Zmgms ; 
and the equation to the circumcircle is 
a +y? —ax(1+2myms) — ay(Tm, — mymymg) + a? Tmymz=0. 
(Cf. Mess. Math., No. 352, Aug., 1900.) 
(4) In the case of numerical examples it is better to proceed ab initio. 
Find the centre of the circumeirele of the triangle formed by the lines 
U+2y4+3=0; 2r+3y+1=0; 3e+y+2=0. (St. Cath.’s, 96.) 





The circle is LA(Qe+3y4+1)(8e+y+2)=0, 
where 6A+3n+2v=3A4+2u+6y and 11A+7pn+7v=0, 
1.€. A_ i —¥ _8A+3u+2y 
7 -13 2 7 


and the equation is 7 (x? +y*) — 80x — 20y — 58 =0. 

Again, show that the circumcircle of the triangle formed by the lines 

x cos 8+ysin @=asec6+bsin@ (0=a, B, y) 

passes through the point (0, d). (St. Cath.’s, ’99.) 

Changing the origin to (0, d), the sides become 

xeus O+ys3in 9@=asec@ (0=a, B, y); 
and the required condition is 
Ya*sec BsecysinB—-y=0 or Lcosasin(B—y)=9, 

which is clearly true, E. M. Raprorp. 


CORRESPONDENCE. 


Professor Hill replies to Mr. Budden as follows : 


I hope you will allow me a few words of reply to Mr. Budden’s further 
criticisms on my edition of the Fifth and Sixth Books of Euclid. 

Mr. Budden assumes that the ratio A/B admits of an arithmetical definition 
as a number when A and B are incommensurable. This is an attempt to 
evade the whole difficulty. 

Mr. Budden’s point of view is that which was generally accepted as 
correct prior to the publication of the purely arithmetic theories of the 
irrational number by Weierstrass, Cantor, and Dedekind in 1872. 

In order to conform to the requirements of analysis at the present time, 
Mr. Budden must show that when A and B are incommensurable, the 
symbol or operator w, appearing in the relation A=pB, admits of arith- 
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metical definition as a number, and so satisfies the associative, commutative, 
and distributive laws. This can of course be done, but the doing of it is far 
beyond the comprehension of beginners. Some idea of the difficulties in- 
volved may be formed by consulting the sketch of the subject given in the 
Second Edition of the Second Part of Chrystal’s Algebra, pp. 97-106, 
together with the references he gives, especially to the works of Dedekind 
and Stolz. A good account by Pringsheim will also be found on pp. 49-57 
of the first volume of the Encyklopddie der Mathematischen Wissenschaften. 
It is now so generally admitted that it is not permissible to assume that p 
admits of arithmetical definition, and satisfies the fundamental laws of 
algebra, that it is not necessary to examine the rest of Mr. Budden’s argu- 
ment in detail. 

It may not, however, be superfluous to notice two points. 

The first is, that I am not entitled to the high honour of being the 
author of the three sets of conditions referred to on page 11 of the January 
number of the Mathematical Gazette, Art. 2, Note ii, as mine. These are the 
conditions stated in the Fifth Definition of the Fifth Book of Euclid. So far 
as I know, they were first reduced to two by Stolz in his Vorlesungen tiber 
Allgemeine Arithmetik, Part I., page 87, published in 1885. 

The second is the reference in Mr. Budden’s 5th Article to “ Prof. Hill’s 
system.” On this point I desire to say that I have not invented a system. 
My work has been that of a commentator on Euclid, and I believe that 
I have accomplished two things. The first is the giving of adequate explan- 
ations of the definitions of the Fifth Book, which previously had to be 
learned by heart without being understood. The second is the removal of 
the indirectness from Euclid’s line of argument without departing from his 
principles, by showing that all the properties of equal ratios can be deduced 
from the test for equal ratios (Euc. V., Def. 5) without the employment 
of the test for distinguishing between unequal ratios (Euc. V. Def. 7). The 
result is that the argument has been simplified to an extent which has 
brought it within the grasp of persons of average ability. 

M. J. M. HI. 


[The reader must not assume that the Editor and his committee of co- 
operation agree with Mr. Budden’s criticisms. The discussion has been 
inserted for the following reason. One aim of the Gazette is to keep teachers 
of Mathematics aw courant with the advance of mathematical thought and 
methods. Mr. Budden and Professor Hill represent respectively two schools, 
the old and the new. With the object of showing teachers the difference 
between these schools, the Editor asked Professor Hill to reply to Mr. 
Budden’s criticism. The reply involved an answer and a rejoinder. .The 
controversy has been useful if for no other reason than that it has sent some 
of our readers to Stolz and Dedekind. Of course, the case ¢s summed up in 
Professor Hill’s “it is now so generally admitted that it is not permissible 
toassume. . . . ”"—W.J.G.] 


NOTICES. 


Eléments de Méthodologie Mathématique, by M. Davuzat. Pp. 1100. 
1900. (Nony, Paris.) 
Ir the agreeable anticipations to which the title of this volume gave rise have 
not been completely realised, it is no doubt because (pardon the profanity of the 
metaphor) there is not a one-to-one correspondence in text-books on both sides of 
the Channel. It is of course within the bounds of possibility that a book on 
Methodology in Mathematics may yet make a belated appearance in this country. 
But when it does, we will venture to say that, earnest and conscientious as is the 
voluminous compilation of M. Dauzat, an English imitator will not run to 1100 
pages in covering the same ground. 
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For example, our author devotes 316 pages to the theory of Elementary Algebra 
(Progressions, Logarithms, and Interest being his wildest flight), whereas 
Chrystal’s ‘‘ Introduction to Algebra” deals far more rigorously with much more 
matter, and (omitting the exercises) in much the same space. 

The book consists of 20 pages devoted to general considerations on the teaching 
of Elementary Mathematics, 326 dealing with the theory and practice of 
Arithmetic, about the same number dealing with Algebra, and some 400 treating 
of Plane and Solid Geometry, Geometrical Conics, Inversion, Reciprocation, 
Projection, etc., etc. 

In his official capacity as Inspecteur d’ Académie the author has been forced to 
the conclusion that, in general, neither teachers nor pupils ‘‘ read with sufficient 
care the introductions to text-books, the preliminary considerations of the various 
chapters, the notes at the ends of solutions, the footnotes,” and all that varied 
and invaluable apparatus of suggestion which may be said to be indispensable 
or extremely valuable, inasmuch as it casts a flood of light on felicitous cor- 
relation of ideas, on ingenious and fertile methods of comparison, on synthetic 
summaries, on generalisations, and in fact on every process that widens the 
intellectual horizon. And the object he has set before himself is to awaken and 
sustain the interest of master and pupil alike in methods of research, methods of 
proof, in the philosophy of elementary Mathematics, and in the logical inter- 
connection of its various branches. ‘‘In aim and form my book is novel ;! 
I have done my best to bring it ‘up to date,’ and I shall be very happy if it is 
found of use.” This modest claim almost disarms criticism at the outset. The 
English reader will nevertheless find but little after the first twenty pages to 
arouse and sustain the attention until he reaches the section dealing with 
Geometry. Here, among many other excellent features, will be found discussions 
on various problems in elementary Geometry which are entirely admirable in 
their insight into difficulties and possibilities. To this we must add that the 
general remarks dealing with the teaching of elementary Mathematics and the 
aim it should have in view are excellent, and if generally adopted should spell 
‘*death” to rule-of-thumb methods. The object of such teaching is to ‘‘ bring 
into play—attention, reflection, judgment, and the reasoning power. By devel- 
oping and strengthening these faculties, it accustoms the student to clearness of 
thought and precision of statement ; it contributes essentially to the arrangement 
in logical order of general ideas, to the detection of error, and to the search for 
truth ; to the mind it gives accuracy and definite insight, and thus contributes in 
the most effective manner to general culture. Hence the teacher of Mathematics 
has the double task of furnishing and cultivating the mind. If he knows his 
subject and its methods, if he can inspire his pupils with a confidence in him, if 
he appeals only to their reasoning power, if he has faith and the sacred fire, he 
must succeed. To arouse and sustain a love for Mathematics, he must throw into 
relief its fascination, the wonderful and vigorous inter-dependence of mathematical 
truths, the power and simplicity of methods of research, and the opportunity 
open to all students of discovery—quite apart from the personal pleasure excited 
by such discovery. Order and regularity must be a part and parcel of the 
teacher’s work ; method and lucidity must prevail in every lesson, and every 
application of mathematical doctrine must be interesting, varied, and judiciously 
graduated.” 

The man who can write thus has the “‘ sacred fire”; and after all, how many 
of those who profess and call themselves teachers can say as much ? 


A Brief History of Mathematics. Authorised translation of Dr. Karl 
Fink’s Geschichte der Elementar-Mathematik. By W. W. Breman and D. E. 
Smitu. Pp. xii. +333. 1900. (Kegan Paul.) 

To Dr. Karl Fink’s able and conscientious work we can extend a hearty 
welcome. The historical literature of the subject in our language is scanty 
enough, and what we have is presented in a guise apparently inseparable from a 
somewhat chaotic mass of petty biographical detail. But Dr. Fink’s aim is not 
to divert, nor has he been content to compile a chronological record. He has 





1 This statement has not the merit of extreme accuracy, for MM. Gauthier-Villars published in 
1896 the 2nd edition of a Cours de Méthodologie Mathématique, by M. Dauge, pp. 525. 
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preferred to write for the student, to arouse his attention and stimulate his 
interest by explaining in general terms the connection of modern researches with 
the work of the past. And we feel sure that the interests of research will benefit 
far more from this method of presentation than from a wilderness of biographical 
matter. 

There are natural objections to a treatise dealing separately with the history of 
the several branches of Mathematical Science, even when that history is confined 
to Elementary Mathematics. It is exceedingly difficult to draw an arbitrary line 
between Elementary and Higher Mathematics. As the author says in his 
preface: ‘*On the one hand certain problems of Elementary Mathematics have 
from time to time furnished the occasion for the development of higher branches, 
and on the other from the acquisitions of these new branches, a clear light has 
fallen on the elementary parts. Accordingly, it may be gratifying . . . . to 
find here at least that which is fundamental.” Of course, by limiting the scope 
of his treatment to Number-systems and symbols, Arithmetic, Algebra, and 
Geometry, Dr. Fink has succeeded in reducing what he has to say within 
reasonable compass. If these limits were much extended, it would require, in 
these days of specialisation, a Syndicate of Mathematicians to complete a survey 
at once general and authoritative. 

Another objection arises from the difficulty of assigning the boundaries of the 
branches. We have a series of ‘‘ spheres of influence,” in connection with which 
we have to face a considerable amount of inter-penetration and a doubtful 
‘*hinterland.” These obvious objections to his novelty of presentment Dr. Fink 
meets in his preface, and, on the whole, successfully, and we think that he can 
fairly claim to have given his geaders ‘‘a first picture, with fundamental tones 
clearly sustained, of the principal results” attained in those subjects to which he 
confines his enquiry. 

Dr. Fink, like every other modern historiographer, acknowledges his obliga- 
tions, and pays his homage to the monumental labours of Cantor, and to the 
‘brilliant, but fragmentary ” Geschichte der Mathematik of Hankel,’ ‘‘un torse 
dune telle beauté qu’il eut été pitié de ne pas le mettre au grand jour.” 

Turning to detail, it may be worth while to note the following points: p. 137 
(l. 8 up) for a read a/b; the statement as to Gauss’s theorem on regular polygons 
on p. 207 is incorrect (v. Mathew’s Theory of Numbers, p. 191), and contradicts a 
previous reference on p. 161; it was Euler (Comm. Acad. Scient. Petrop., 1738, 
VI., p. 104) who first corrected Fermat’s statement that ‘‘ all numbers of form 
2”+41, where m=2” are primes,” and not Baltzer, v. p. 162; ‘‘this point forms 
the eleventh axiom,” p. 270, is a peculiar statement. 

On the whole, the translation reads well, but it does not read as easily as did 
the Klein’s Ausgewdhite Fragen der Elementargeometrie. This, however, may be 
largely due to the style of the original, and does not diminish our debt to Messrs. 
Beman and Smith for bringing Dr. Fink’s valuable work within the reach of 
students unacquainted with German. 

The 26 pp. of biographical notices—with an average of three lines per item— 
do not seem to us of much use. What enjoyment can be derived from : 

Unger, Ephraim Solomon. Born at Coswig, 1788; died in 1870. 
Van Eyck, Jan. 1385-1400. Dutch painter. 

In another edition the translators must remember with respect to many names 
in this list the words of Cantor: ‘‘aussi morts que leurs livres ; gardons-nous 
de les ressusciter.” 


Recueil de Problémes de Géométrie Analytique, 4 l’usage des Classes de 
Mathématiques Spéciales. By F. Micuen. Pp. vi. +240. 1900. Gauthier-Villars, 

This collection of exercises in Geometry of Two and Three dimensions contains 
solutions of the questions set in the Entrance Examinations to the famous Ecole 
Polytechnique from 1860-1900. The solutions are in the main analytical, but in 
many cases, where analytical methods lead to long and laborious calculations, 
elegant geometrical solutions are given. The yearly competitions for admission 
to the great schools—LXcoles Centrale, Polytechnique, and Normale—-excite great 





1 What was the date of this? Mr. Rouse Ball gives 1874; Dr. Gow gives it as 1875 (Hist. Greek 
Mathcs., n. p. 124); Cantor is reported by Miss Scott, last August, as dating it 1876 (Bull. Am. 
Math. Soc., Nov. 1900.) 
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interest in French mathematical circles, and solutions appear in most of the 
journals. M. Michel’s collection has one ‘advantage over similar publications 
of previous years—e.g. Rémond (1891), Mosnat (Nony), and Brisse (Gauthier- 
Villars) 1892—in that a complete bibliography is attached to each solution. 

It may interest our readers to see a typical question, set in 1899. 

‘* Indicate in a figure the lines 


Cy — Byes sin cencstece (A) B2E By BH Bi vccccscencsoseot ay 


Find the locus of centres S of spheres touching A and B. The locus is a surface 
(s); find its rectilinear generators. Prove that the coordinate axes are axes of 
symmetry for (s), and show how this was a priori evident. 

From each point on (s) deduce a point M, diminishing its ordinate y by 
27/(2a+1)?. Determine the equation of this new surface (Jf) and find its 
generators. Discuss the forms and successive transformations of sections of (J/) 
by planes perpendicular to Oz, and in particular, as completely as possible, sections 
made by z=0, z=1.” 

The solution occupies pp. 219-225 and contains seven figures! Verb. Sap. 


Traité d’Algébre. By Joseph Brertranp and H. Garcer. Part I. (17th 
Edn.). Pp. 324. Part II. (new Edn.). Pp. 388. 1900. (Hachette). 


Algebra. By Professor BeLtino Carrara. Pp. 537. 1900. (Albrighi, 
Segati). Milano. 


Algebra. By Wittiam Tomson. Pp. xv. +560. 1900. (Chambers. ) 


A book in its 17th edition must appeal strongly to some section of the com- 
munity, and in the present case the popularity of the two volumes before us will 
probably be due in no small extent to the fact that they are written up to the 
syllabus of certain examinations. Not that the book is indifferently written ; 
within its limits it is well enough done. The mere fact that it differs very little 
from the original edition would not necessarily imply that the idée mére of the 
book is out of harmony with modern views. So far is this from being the case, 
that I will venture to contrast a passage from the Preface with a passage from 
that of Chrystal’s Algebra; the comparison is worth exhibiting as it suggests at 
least a common source of inspiration. 

‘*La matiére (of Algebra) est si abstraite en elle-méme, les généralisations, que 
lon recontre tout d’abord, sont si importantes pour le succés des dukes 
ultérieures ; les discussions, a Paide desquelles on envisage une question sous 
toutes ses faces, sont si délicates, qu’on ne doit py aucun développement, 
pour initier les éléves aux méthodes et aux procédés de l’ Arithmétique universelle.” 

‘*The teaching of Algebra in the earlier stages ought to consist in a gradual 
generalisation of Arithmetic ; in other words, Algebra ought, in the first instance, 
to be taught as Arithmetica Universalis in the strictest sense.’ 

The main differences between an elementary text-book in French and in 
English schools may be briefly stated. Roughly speaking, it consists, perhaps, 
in the paying of more attention to the “‘ succés des études ultérieures.” Hence we 
find much space devoted to the ‘“‘solution” of inequalities, to maxima and 
minima, to questions demanding some considerable knowledge of geometry and 
mensuration. For instance, the root x= in a simple equation is illustrated from 
centres of similitude: the 16th question on maxima and minima is “‘ Circumscribe 
to a sphere a regular truncated pyramid, whose bases are regular octagons. Find 
the minimum volume of the anaes as the inclination of the lateral faces to the 
base varies.’ 

In the second volume we find the difference even more strongly marked. Only 
80 pages are given to what we find in our Algebras. The rest is spread over the 
elements of & Differential Calculus, general Theory of Equations, Elementary 
Differences and Interpolation, etc. Here again Chap. v. is given up to a 
collection of those algebraical artifices, a mastery of which is absolutely necessary 
in analytical geometry of two and three dimensions, ¢.g. the simplification of the 
general equation in three variables by changing the {direction of the coordinate 
axes; finding the intersections of three surfaces of the second order such that 
their principal sections are confocal, and so on. Such a book as this is not suited 
for class work or for the average private student. But the teacher and the clever 
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boy who is revising work for Scholarship and other purposes will find here a great 
deal that is both ingenious in treatment and valuable as suggestion and stimulus. 

The volumes published by Professor Carrara and Professor Thomson are similar 
in scope and not very dissimilar in treatment. The ltalian Algebra is beautifully 
printed on well-glazed paper. Professor Thomson’s book is the counterpart of Dr. 
Mackay’s Huclid and Arithmetic, as far as the printer’s craft can secure a 
likeness. Neither has otherwise much to differentiate it, in content, from the 
ordinary class text-book. Neither makes any use other than incidental of the 
symbols =, II, which are indispensable in conveying elementary ideas of form and 
symmetry ; indeed Professor ‘Thomson deliberately abstains from their use in the 
sections dealing with symmetry and cyclical order. Neither uses detached 
coefficients. Is there any authority for “factoring” and “factored,” other 
than a paper in the Proc. Edin. Math. Soc.? The section on graphs is too 
short to make any serious impression on the mind of the beginner, and maxima 
and minima receive no systematic treatment, the terms occurring apparently - 
without previous definition (1) in the ‘‘ variation of a quadratic expression,” 
without graphic illustrations, aud (2) in ‘‘the maximum value of ,C,.” | The 
chapter on Indeterminate Coefficients is good. The chief merit of Professor 
Thomson’s book is the excellent arrangement of the sections in the chapters, 
and the concise and logical statement of the steps in the illustrative solutions. 
One page is given to Inequalities. At the end of the book this is not enough. 
Why should not Inequalities of an elementary character, with easy ‘ Diophantine’ 
questions form a subsection to the first chapter on Equations? Professor Carrara 
must take it as a compliment if we say that his ‘ Algebra’ is more on the lines 
of an English text-book than any Continental work we are acquainted with. 
And, finally, both authors are to be congratulated on their clearness of statement, 
and their careful and methodical treatment of detail. No good teacher need be 
afraid to use either book, although neither persistently throws into relief, as 
it should, the essential requisites in an Algebra—the idea of Algebraic Form. 


Exercises in Natural Philosophy. By Macnus Macriean, D.Sc. Pp. x. 
+266. 1900. Longmans, Green, & Uo. 

This is a carefully graduated series of exercises (with solutions) intended to 
meet the needs of the candidate for ‘‘ordinary degrees,” and, as Professor 
Maclean suggests, to ‘‘ form a useful supplement to the Elementary Text-books of 
Physics.” As far as the 130 pages devoted to Dynamics are concerned, the 
candidate for (say) both parts of the London B.Sc. will find much to interest him. 
The examples touch on Atwood’s Machine (with pulleys of given radii and moments 
of inertia), translational and rotational motion, harmonic motion, governors of 
steam engines, flywheels, and the gyrostat. Incidentally we notice a solution of 
a question akin to one proposed in a recent number of the Hd. T'imes: ‘‘ Find the 
alteration produced in the length of the day by transporting one hundred million 
tons of matter from the pole to the equator.” The 36 pages of Tables of 
Physical Constants are the best we have seen, are well up to date, and contain in 
many cases a most desirable novelty—a column giving the authority. One word 
more, “‘ conspiring ” is a term which gives one pause when applied to “ forces.” 


PROBLEMS. 


[Much time and trouble will be saved the Editor if (even tentative) solutions 
are sent with problems by their Proposers. } 


410. [L'. 4.c.; M'.3.b.] On the tangent at Y to an ellipse is measured off 
a length MN equal to the distance of the tangent from the centre of the 


. — ‘ - ‘ 
ellipse : prove that the locus of V is a unicursal whose area is (a +b). 
2 


E. N. BarisiEn. 
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411. [A. 3. k.] Shew that the roots of 


oe. = 
3 27 


ditfer by a constant quantity from the squares of the corresponding roots of 


-—¢g’=0 


+px+q=0. E. BuDDEN. 


412. [L'.2; 14.a.] £ is a conic circumscribing the triangle ABC, and its 
centre O lies on a fixed straight line: shew that the poles of the sides of ABC 
with respect to Z lie on three conics which cut the corresponding sides in 
points on a fourth conic. E. P. Evans. 


413. [K.] Along three straight lines meeting in 0 at angles a, B, y, 
lengths x, y, z, are measured : prove that the three points so obtained lie on 
a straight line if 

Ya sina=0, 
and on a circle through 0 if Xv sina=0. R. W. H. T. Hupson. 


414, [K.2.b.c.] Find the angle made with BC by the common tangent 
of the nine-point circle and the ex-circle opposite A, and the ratio in which 
it divides the sides of the triangle ABC. H. G. M 


415, [K. 9. b.] It is required to inscribe in a given circle 2?+y?=a" a 
regular heptagon, one of whose angular points lies at (a, 0). Prove that the 
two rectangular hyperbolas whose centres are at the points (ja, + ja,/7), 
whose transverse axes are parallel to Ox, and which pass through the point 
(a, 0), cut the circle also in the required angular points. [Suggestions for 
simpler constructions are invited.] H. Ricumonp. 


416. [M'.2.a.] Find on a given straight line two points which shall be 
homologues in two given similar figures. C. E. YouneMan. 


417. [L'.5;17.e.] Eight normals to an ellipse “+=! touch any con- 
ae a 


2 


centric co-axial ellipse Sa+ea=1. Prove this, and find the conditions for 
ai bf 


reality. Trip., 1895. 


418. [R. 7. f£.] Acircular wire of radius « moves in its own plane without 
rotation, so that its centre has a simple harmonic motion of amplitude a ; 
a bead moves on the wire uniformly, completing a circuit in the period of the 
simple harmonic motion, and being in the line of the motion of the centre 
when the centre is in its mean position: prove that the acceleration of the 
bead is towards the centre of the simple harmonic motion, and that its path 


is an ellipse of eccentricity (3/5 — §)}. Pemb. (C.), 1897. 


419. [R.9. b.] A, B are two smooth holes in a smooth horizontal table, 
distance 2a apart ; a particle of mass ¥ rests on the table midway between 
A and B, and a particle of mass m hangs beneath the table suspended from 
M by two equal weightless inextensible strings, each of length a(1+seca), 
passing through A and B; a blow J is given to & in a direction perpen- 
dicular to AB. Shew that if /?>2Magmtana, M will oscillate to and fro 
through a distance 2atana, but if /? is less than this quantity and 
=2Mmag(tana-—tanf), the distance through which J oscillates will be 


2av/(seca — sec B)(seca — sec B + 2). St. John’s (C.), 1895, 











SOLUTIONS. 37 


SOLUTIONS. 


UnsoLvep Qurstions.—171, 275, 279, 283, 285, 326, 536-8, 341, 349, 356, 369, 
370, 373-82, 387, 389, 393, 395-7, 401, 404, 406, 408-9. 

Solutions to the above, or other questions to which no solution has yet been 
published, and to 410-19 should be sent as early as possible. 


The question need not be re-written; the number should precede the solution. 
Figures should be very carefully drawn to a small scale on a separate sheet. 


51. [K. 15. a. 1. 1.] Uf the diumeter of a cylinder be d inches and its height h 
yards, and the 8.g. of its material s, show that approximately weight in Lbs. 
=sd*h(1+34); volume in gals.=jyd*h(1+35). Hence find weight of solid 
sphere one foot in diameter, s.g.=7'8. A. Loner. 

Solution. 


Volume of cylinder=d?h. < ('s)?. 3 cub. ft. 


07, 37 . 
No. of gallons =o x 6(1+3h + ado) gals. 


=d*h . 15(1°0194) gals. 
= p@7h(1 + 315) gals. approx. 
weight in Ibs, =sd?h(1+ 5) Ibs. 
If the diameter of the sphere be 1 ft., that of the equivalent cylinder is 


Jo 
v's ft. ; 
*. weight of sphere is } x % x 144(1 + ;4) lbs. x 7°8 lbs. 
=32'64 x 7°8 lbs. = 254 Ibs. approx. 

53. K. 9.b.] A syuare and a regular hexagon of equal area are tuken; in the 
square is inscribed a circle, in this circle a square, and so on. In the hexagon 
is inscribed a circle, in this circle a hexagon, and so on. Prove that the sum of 
the areas of the hexagons is double that of the squares. E. M. Lanatey. 

Solution by E. Ll. Tanner. 

If the side of the square be a, and that of the hexagon be «, then 

 - 
q 3 


«- 


2 


a 


the sides of the squares are a, “., —“_, ...; 
/2’ (/2)” 


the sum of the areas=a%(1 +3tpt ia =2a? ; 


: ai /3\? 
the sides of the hexagons are ~, sf8 Ei *) sacs 
2 2 


3a°/3/, 3, (3\2 
the sum of the areas = ~— iC +3+ (2) + <i = Gx2,/3. 


But 6x”,/3 =4a?=2(sum of areas of squares); .. ete. 


54. (Corrected.) [K.11.b.] From the mid point O of the line joining the 
centres of two given intersecting circles are drawn OK perpendicular to a common 
tangent, and OL perpendicular to any other straight line passing through the 
external centre of similitude. If OL meets the common chord in F, show that 
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OF : OL=OK?: OL. Hence show the locus of the mid points f parallel chords 
of a conic is a straight line. E. M. LANGLEY. 


Solution by Proposer and W. J. GREENSTREET. 


If S be one of the intersections of the circles, the common chord bisects 
the common tangent in A, and meets any other straight line RZ through R 
the external c.s. in D. Then OZ perpendicular to RD cuts SD in F. 

The triangles OAL, OXF are similar, 

‘. OF/OK=OK/OL; -. OF/OL=OK?/0L?. 

If P, Q the centres of the circles be the ends of one of a set of parallel 
chords in a conic, focus S, directrix RD, 

OK=3(SP+S8Q)=e.0L; -. OF=0L; but CS=e*. CX, and D is fixed ; 

‘. O lies on a fixed line CD. 


56. (Corrected.) [K.10.e.] From a point S on acircle SPM a perpendicular 
is draun to the diameter through P meeting any other chord P1 Wy tavvagh Pin 
K. Show that the triangles SPK, SPM ure similar. Hence show that in a 
central conic SY, CP intersect on the directrix. E. M. LANGLEY. 


Solution. 

Let the perpendicular meet the diameter PZ in Y, and let the chord MZ 
meet the tangent at Sin XY. Let YM, SK meet in U, and UP meet XS in C. 
SMP=SZP =90° - SPZ=PSK ; 

SPM is common to the triangles SPM, SPK. 
PK/SP=SP/P4M. 
If the letters be taken as if in a diagram in conics [so that /M is || to SX], 
PK=2PM; but CS=eCX. 
.. SA (the perpendicular on the tangent at /’) and CP (the diameter through 
P) intersect on XM (the directrix). 


58. [K. 2. a.] Construct the points whose pedal lines with respect to a given 
triangle pass through a given point, and show that there are in general three 
solutions. W. C. FLETCHER. 

Solution by R Tucker. 


Let P be a point on the circumcircle of ABC; PBA =6; and let DEF be 
the Wallace line of P. 
The equation to DEF is 
aa cos C— cos B+ sin 6 —bB cos 6 sin C— 6 cos B+ 6 
+cy cos C— @sin B+ 0 cos 0=0, ......... (1) 
or aa(cos C’+sin C' tan @)(cos B- sin B tan 9)tan 6 
— bB(sin C— cos C' tan 6)(cos B—sin B tan 6) 
+cy(cos C+sin Ctan 6)(sin B+cos B tan @)=0. 


Similar equations give the Wallace lines of Y and # on the cireumcircle. 
For the point required we have a determinant of the form 





A B Cc 
A’ B Cc’ = 
| ¢(cos C+¢sin C) —(sin C—¢cos C) (cos C’'+¢sin C) 
x (cos B—tsin B) x (cos B—tsin B) x (sin B+ tcos B) 


in general giving a cubic for tan 0. 
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61. [K.8.4.] Jn the trapezoid ABCD, the parallel sides AB, CD are con- 
stants, and meet the variable base BD at right a 3 prove that the perpen- 
dicular to BD from the intersection of the diagonals AD, BC is constant. 

Pror. D. S. WrieHt. 
Solution. 

Let OF be the parallel to AB (a) or CD (b) through O the intersection of 
diagonals, cutting BD in £. 

Then OF _ BE : OF _ Dk 
b6 BD’ a BD 


BD. on(++1)=,o, or on=”, = const. 
a b a+b 
62. [A.1.a.] Simplify 


en | 
l-a«' | 


1 L 2 2 End ct \ 
+{-2t1-2t@-70-) 0-2-2 
Solution. 
((1 —x)(1 —#)(1 —2)}-4. 
63. [K. 8. e.] Show that a rectangle of given perimeter has the greatest urea 
when its sides are equal. 


Solution. 
If a, b are the sides, we require the maximum value of ab, where 
a+b=constant. 
Now ab=}[(a+6)?-(a—b)?]=max. when a=). 
64. [K. 10. ¢.] From a given point O without a circle draw, when possible, a 
straight line which shall have its middle point and its other end on the 


circumference. 
Solution. 


With centre 0 and radius 07'/2, where O7 is the tangent from the given 
point O to the circle, describe a circle cutting the given circle at B. 

Let OB cut the first circlein Ad. OA.OB=O0T*. -. 20A=OB. 

The problem is not possible if the circles do not meet. 


65. [K. 10.e.] The sum of the squares of the distances of a fixed point on a 
circle from the ends of a variable chord is constant ; show that the locus of the 
middle point of the chord is a straight line. 


Solution. 


Let AB be the variable chord, M its mid point ; ( the fixed point, 0 the 
centre of the circle, MP perpendicular to CO at P. 


Given constant = CA? + CB? =20M?+2MB=2CM? + 20B -20M?. 
.. CM*?-OM*=const.=CP?-OP*. .. P is fixed. 
‘. locus of M is a perpendicular to CO, through P. 
66. [K. 20.4.) Prove sin~4+sin7!,5, =sin-!$3. 
Solution. 
If sin A=4, sin B=,5;, then cos A=?, cos B=}3. 
. L.H.=sin7(4. 44+, . 3)=sin-" $2. 








40 THE MATHEMATICAL GAZETTE. 


68. [R. 1. 4.] From a ship sailing N.E. at 15 miles per hour a second ship is 
observed to be always due S. If the second ship is sailing E., find the rate at 
which it is travelling. 

Solution. 

If v be required rate, then, since the line joining the ships is always 

north and south, v=15 cos 45°. . 
v=15//2 miles per hour. 

72. [K.10.e.] Through the vertex A of a square ABCD a straight line is 
drawn meeting CB, CD, DB at E, F, K respectively ; prove that CK touches the 
circle CEF. 

Solution. 
K is a point on the diagonal, .. the triangles DAK, DCK are congruent. 
A A A 
KCF=KAD=CEF. .. CKisa tangent to the circle ECF. 

75. (L'. 11. b.] PQ, PR are diameter and normal to a rectangular hyperbola. 

Prove that PQR is a right angle. 
v. Besant (1895), Prop. vir., p. 129. 
78. (Li. 17. a.) A chord PQ of a conic passes through a fixed point. If the 


circle on PQ as diameter meet the conic again in I’, Q, show that P’(Y also 
passes through a fixed point. 


Solution. 
Let a€(x— £)+bn(y—)=0; (#- §)?+(y—»)?=7%, be chord and circle. 
Then aa? + by? -1+ A@-# +y—7 -7*)=0 


is the same pair of lines as 
(adie + byn — af by?)(ae— by +b) =0 
giving k=(a&? + by?)(a+b)/(a—b). 
If f, g be the fixed point, 
. a& f + bng =ak + by?, 


» aba —bny + al Pak? +by?)=0 


passes through the fixed point 
alfay| gu 22% 
uF =F] ~F a-b 
98. [J.2.£.] Lf n® coins, of which exactly n are silver, are arranged at 
random in n rows, each containing n coins, the chance that one row at least 
(n—1)!(n? -2)!n"— 
(n*—-1)! : 
King’s and Pem., 1895 
Solution by Proressor A. LopeE. 


occurs in which there is no silver coin is 1 — 


If « coins are chosen at random out of x? coins, of which 2 are silver and 
n?—n are not, the chance the first coin is silver and the others not is 


n n?—-n n?-n-1 = n?—-2Qn4+2 
nm n2—-] ne—-2 * n2t—n+1 


The chance that.the second is silver and the rest not is 








= h,. 


“ E ‘ 
n2—n n n*—-n—Il n*—2n+2 ° 
: e = ; + , which also =w,,. 





nm n?-1 = n?-2 ~ n?-n+1 


{ “. 2U, is the chance that just one is silver and the rest not. 
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If this condition be satisfied, the chance that a similar condition shall be 
satisfied in a second set of m coins is 
n—-1 n?-2n+1 n?—2n n®—3n+3 _ 
“W—n ne—-n-1 nte—-n-2°n?-Qn+1 —™ 
and n?—2n will be left, 2 —2 silver and n?—3n+2 not silver. 
the chance that this condition shall be satisfied in the first n—1 rows 
"—ly,V_..., Which reduces to 


n(n —1)!(n? —n)!/(n? - 1)! 
The chance we require, of failure in any row, is 
1—n"-!(n —1)!(n?—n)!/(n?-1)! 


111. [R. 4. ¢.] A triangle ABC, right-angled at C, formed of three uniform 
rods jointed at their ends is suspended by a string attached to the middle point 
of AB. Show that the reaction at C is cw/(2V2), where w is the weight per unit 
length of each rod. Queen’s (C.), 1896. 

Solution by Proressor A. Loner. 


Let DG, EH, FK be the verticals through the middle points of the rods 
a, b, e respectively, and let AHA, BGK, and GCH be the lines of the reactions 
at the joints, which must meet two by two on the above verticals, to secure 
the equilibrium of the separate rods. 

Let the vertical lines AM, BL be drawn to meet GCH in ZL and M&M. 

The rods AC, BC must make equal angles (45°) with the vertical, since 
then there will be equal balancing portions of the three rods on either side 
of the line of support FX. Hence LC: CM=a:b. 

The triangles A HM, BLG are force-triangles for the rods AC, BC respectively. 

Hence, denoting the reaction at C by 7, 


is n 


BL aw, -_" AM _bw, a IG _IlC_a 
— +o. HM +r’ HM CM i 
_ BL_@ 

’ AM bF 


This enables the line of action of r to be drawn. 

For, if CP be drawn perpendicular to 4B, BP : PA=a?* : b*, and therefore, 
if GCH be drawn making an angle a with CB equal to the angle PCB, cutting 
AB produced in Q, we shall have YB: Q4 =a?:b?, and therefore BL :AM=a?:b?, 
which is the required ratio. 

Now we can determine 7 ; for 


aw_BL_ 2BL 2 sin a. 
r LG LC sin45° 


= 2,/9 
=2/2 sin BAC= wa. 


~ Nz" 

Note.—It can be easily proved analytically, by taking CA, CB as axes of 
coordinates, that PC produced passes through A, and that CK=CF. Either 
of these theorems gives an easy way of finding A, ¢.e. of finding the lines of 
the reactions at A and B. 


cw 


126. [K. 8.e.] Find the minimum rhombus that can be cut out of a given 
parallelogram. 
Solution by Professor A. Lop@e. 


Let O be the centre of the parallelogram, and let OA, OB be drawn 
parallel to the sides, the angle between them being w. 
The diagonals of any inscribed rhombus must pass through 0 and be at 
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right angles to each other. Let OP, OQ be any position of these diagonals, 
and let the angle POA=6. The area of the rhombus is 20P.0Q, hence 
OP . O@ has to be a minimum. 


The angle OPA=7—(w+6), and the angle OQB=" + 6. 
. OP_ sinw ., 0Q_sinw, 
' OA sin(w+6)’ OB cos 0’ 
OP. OQ _ sin*w __—s2sin’w® 
OA.OB™ sin(w+@)cos@ sin(w+20)+sin w’ 


and 


ae — a T 
which is a minimum when w+20=5, ae. When 20= 3% 


Hence, if OM, ON are drawn perpendicular to AP, BY respectively, the 
diagonals of the minimum rhombus will bisect the angles AOM, BON 
respectively. 

The ratio of the area of the minimum rhombus to that of the given 
parallelogram 

_ 20P.0Q _ sinw 
~40A.0Bsinw 1+4+sinw 
and is greatest when w=90°. 


Note.—The solution assumes that AP will be less than OB, and BQ less 
than OA. If this be not the case the minimum rhombus will have for one 
of its diagonals the shorter diagonal of the parallelogram. 


142. (m‘.e.] Two variable lines through fixed points make angles 0, p with 
any two fixed directions respectively ; trace the curve described by their point of 
intersection when 

9 sin =e sin dp. 


Solution by Professor A. Loner. 


One solution is obviously 0=¢. Hence, if the fixed points are A, B, and 
if AC, BC are drawn in the fixed directions to meet in C, one locus will be 
the cireum-circle of ABC. As many solutions as desired may be obtained 
by drawing r=e sin 6; (1) with origin A, initial line AC; (2) with origin 
B and initial line BC. 

Take any point P on the first curve, and with centre Band radius BQ= AP 
draw a circle cutting the second curve in Q,, Qs, ..... Then the intersections 
of AP with BY,, BY, ... are all points on different loci satisfying 

2% sin =e? sin ¢. 

Taking different points P, we get a series of points Q,, @, through which 

the loci of Q,, Qs, ... can be drawn. 


{It would probably be simpler to draw r=b0+log,sin @ as foundation 


Ta sae , 
curves, where b= 180 log, ¢ if 6 is measured in degrees. | 


366. [K. 3. b.] ABC, DBC are two equilateral triangles on the same base BC. 

A point P is taken on the circle DBC. Show that PA, PB, PC are the sides of 

a right-angled triangle. E. M. Ravrorp. 
Solution. 


PRB? + PC? =2P0? +-20B?, add to each side 20D? +20B? ; 
PB? + PC? +20 D2 +20B?=2P0? +208? + 20D? +20 B?. 
PB? + PC?+2BD?= PA?+ PD?+ BC2. -- 2B0=BC. 


PB + PC? = PA’. 











SOLUTIONS. 43 


380. [L1. 11. ¢.] (1) A chord of a rectangular hyperbola subtends a right 
angle at a fixed point. Find geometrically the envelope of the chord. 
E. N. BarIsieEn. 
Solution by W. F. Bearp. 


The locus of the point of intersection of orthogonal tangents to a conic 
is a circle. 

Reciprocate with regard to any point on this circle. The reciprocal of the 
conic is a rectangular hyperbola ; the reciprocal of the circle is a parabola ; 
and the theorem becomes therefore :—chords of a rectangular hyperbola which 
subtend a right angle at a fixed point, touch a fixed parabola with the fixed 
point as focus. 


383. [D. 2. d4.] Prove that 


eek. 23, ort 2 Mook 22 be 
O° hnsses...Ji- ©beenestt- Sbbbees.8 be Pied 


where t= La+abe. R. W. Genese. 
Solution by W. F. Bearp. 
, 3 3 i £ 3 ae t4 
t= > = - =| _ = z=C 7 4 
Let sag Tee ee J r sontes..., oF 645 40+..., 


and t=a+b+c+abe. 


l 1 
“=a+- or ©-a=-. 
J y 
oe 1 | 
Similarly Y — DH fp ceereecceeceeeeeseneeereceeees (i.) 
| 
2-c=-. 
YH 
 (w-a)(y—b)(z-¢)= . ; 
XYZ 
or xyz — ay —bzx — cay + bex+ cay + abz—abe= = : 
LYZ 
but cay — cry =cy (a- «)= —c from (i.), 
similarly bex —bzx= — b, 
and abz— ayz= —a; 
*. we have xryz—-a—b-e-—abe= : ’ 
xyz 
yz=t+ h. 
se ati XYZ 
- t+¢+.... Q.E.D. 


386. [Li. 3. ¢.] Jf a circle through the centre of an ellipse cut pairs of con- 
jugate diameters in A, A'; B, B’; ... then shall the chords AA’, BB, ... all pass 
through a fixed point. A. LopGeE. 

Solution by W. F. Brarp. 

Conjugate diameters form a pencil in involution. Thus the pencil 
C(AA'BB’ ...) is in involution, and therefore (vide Russell’s Pure Geom., 
ch. xx., § 2), AA’, BB’, etc., are concurrent. 
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